Operator splitting time discretization techniques are getting more and more popular for the numerical simulation of non-linear problems in porous media. The main idea is to split complex operators in evolution equations into simpler ones which are successively solved in each time step. For porous media flow a natural splitting is given by the diffusive and the advective part of the flux. Then for each part, optimal solvers for the particular evolution equation can be used, i.e., a parabolic solver for the diffusion equation and a hyperbolic solver (e.g., characteristics methods) for the advection equation.
Operator splitting time discretization techniques are getting more and more popular for the numerical simulation of non-linear problems in porous media. The main idea is to split complex operators in evolution equations into simpler ones which are successively solved in each time step. For porous media flow a natural splitting is given by the diffusive and the advective part of the flux. Then for each part, optimal solvers for the particular evolution equation can be used, i.e., a parabolic solver for the diffusion equation and a hyperbolic solver (e.g., characteristics methods) for the advection equation.
In this talk, we first present an operator splitting discretization using an implicit finite volume scheme for the diffusive part and a semi-Lagrangian method for the advective part. Hence, the computational cost of the semiLagrangian method can be neglected compared to the one of the implicit finite volume scheme.
In the second part, we introduce a two-scale operator splitting method where the diffusion part is solved on a coarse grid while the advection part is considered on a fine grid. This is motivated by the fact that the diffusion and the advection act on different scales. Then, the resulting operator splitting discretization is equivalent in performance to a fast hyberbolic solver.
In numerical examples, our proposed methods are compared with standard implicit finite volume methods. We will demonstrate that by using the operator splitting time discretization, the number of iterations in the implicit finite volume scheme may be significantly reduced.Moreover, for the two-scale method, it turns out that despite of the poor approximation in the diffusive part, the solution is still of equal quality compared to that of standard methods on fine grids.
To summarize, operator splitting techniques provide a very flexible and powerful framework which makes it quite attractive for an efficient solution strategy for flow problems in porous media.
Motivation
Multi-phase flow in porous media plays an important role in many natural and industrial fields, such as the oil industry where the flow of oil, water and gas in reservoir is studied, or environmental engineering where flow and transport of contaminants in the subsurface is considered. The flow system using the fractional flow formulation contains a transport equation which includes both the diffusive and the advective processes. As well known, the numerical approximation of a diffusion equation and of an advection equation are relatively easy, but a numerical treatment of an equation with these two coupled types is quite challenging for whichever schemes, explicit or implicit, we apply. If we use an explicit scheme, the time step △t is limited by O(△x 2 ) by the CFL condition; if we choose an implicit scheme, we have to solve a large system of nonlinear equations requiring the updating of the linearized operator at each time step, which is computationally expensive. This motivates us to study and apply the operator splitting method (see Beale et al. (1993) , Espedal and Karlsen (2000) , Pironneau (1981/82 ), Strang (1968) , Tai and Neittaanmäki (1991) ) for porous media flow. With the operator splitting idea, one can opt for different approximation schemes to solve the decoupled equations and choose different time scales and grid sizes which gives us a multiple of choices to search for the best one. In fact, the advantages of the operator splitting method are the flexibility and efficiency from the numerical point of view while the error is in general only of second order in time.
Physical-mathematical model
We consider an incompressible one-dimensional two-phase flow process in heterogeneous porous media. For simplicity, we assume no source/sink term and no gravity which coincides with the case of a horizontal flow without outer influences. The mathematical model can be described by the mass balance of each phase (see Helmig (1997) ):
where v α is the Darcy velocity (or Darcy flux) given by the extended Darcy's law,
Here, α denotes the phase which can be a wetting phase (α = w) or a non-wetting phase (α = n), S α describes the saturation and p α the pressure of the phase α, φ and K the porosity and permeability of the soil matrix, respectively, and the phase mobility λ α is defined by λ α := krα µα , where k rα is the relative permeability and µ α the viscosity of each phase.
The system can be closed by two additional supplementary equations
where p c is a given capillary pressure-saturation function depending on S w . We assume p c : [0, 1] → [0, ∞) to fulfill the following conditions: (i) p c is continuously differentiable on (0, 1); (ii) p c is strictly monotonous decreasing; (iii) p c (S w = 1.0) = 0. Then we use a fractional flow formulation (see Helmig (1997) ) to get a decoupled set of two equations equivalent to the two-phase system (1). One is the pressure equation described by the total velocity v t := v w + v n dv t dx = 0, 
where the fractional flow function f w is defined by f w := λw λn+λw andλ := λnλw λn+λw . Note that the pressure equation implies a constant total velocity. We assume that v t > 0 corresponds to a flow from the left to the right subdomain. Therefore, with a given constant v t , the above twophase model reduces to an advection-diffusion equation by replacing S w with s in the saturation equation
In (2), the different parts of the flux term can be easily characterized. The first order term f w (s)v t is an advective term, while the second order termλ(s)K dpc ds ds dx plays the role of a diffusion term. Throughout this paper, we will study (2) using the operator-splitting method.
Operator splitting as time-discretization
The Strang second-order operator splitting method (see Strang (1968) ) is an efficient algorithm for solving evolution equations involving two different physical phenomena, i.e., ODE of type:
where operators A and B do not necessarily commute. This section aims at describing this method in the case of equation (2). In detail, the method is to split (2) into two simpler equations:
then to solve (3) and (4) iteratively in the following way. Let J = {t 0 , t 1 , . . . , t M } be a partition of the time interval [0,T]. For simplicity, we consider the equal time steps by using a constant △t := t n+1 − t n . Suppose that s n the solution of (2) at time t n is known. The solution s n+1 is computed in three steps:
• Solve (3) over a half time step △t 2 starting from t n , with s n as initial condition. Denote by s n+1/2 1 the solution.
• Solve (4) over a time step △t starting from t n , with s 
Semi-Lagrangian approach for the advection equation
In this section, we present a semi-Lagrangian scheme to compute the approximate solution of (3). Let us first rewrite (3) in the following way:
Then, we define the characteristics, or streamlines (t, x(t)) as the solution of the ODE
Note that according to (5), the solution s is constant along the characteristics. This remark is the basis of the semi-Lagrangian method, i.e., the solution s n+1 i at the grid node x i at time t n+1 can be approximated by the solution value at its 'depature point' x n at time t n along the characteristics, see Figure 1 . Here, i ∈ I is the node index set. In detail, the semi-Lagrangian algorithm to approximate the solution of (5) can be described in two steps. Suppose that at time t n , the solution s n i is known at each node x i , then the solution s n+1 i at time t n+1 is computed as follows:
• For all i ∈ I, find the 'departure point' x n of the node x i such that
We note that a unique departure point can be only guaranteed if no shocks occur in the time interval [t n , t n+1 ]. This means that the solution at t n must be smooth enough and the time step △t must be small enough to guarantee a smooth solution. Here, s n (x n ) has to be computed by interpolation (also for the next step), since the solution s n is only known at the nodes {x i } i∈I at time t n , and x n does not belong to this set in general. As shown in Figure 1 ,
We use a simple fixed point scheme to solve (7):
We remark that in our examples, we can observe the convergence of (8) within at most 4 iterations per node.
• For all i ∈ I, define s n+1 i = s n (x n ). We end this section with further remarks about the implementation of the semi-Lagrangian scheme: (i) Note that in our splitting method, these equations have to be solved with △t 2 instead of △t; (ii) An important property of this method is that it can be parallelized in space: indeed, the search of the departure points can be performed independently for each node.
Fully implicit finite volume scheme for diffusion equation
In this section, we present the fully implicit finite volume scheme for the diffusion equation (4) . For the time discretization, we use a fully implicit Euler scheme, where the non-linearities are evaluated at the current time step. Then we obtain for the time approximation s n+1 ≈ s(t n+1 ):
where F n+1 (s) is the flux function,
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For the spatial discretization, we use a finite volume scheme on a dual grid and define a suitable numerical flux function. We only consider finite intervals of the computational domain Ω ⊂ R. For simplicity of notation, we assume that all intervals are of the same length.
Let
, i = 0, . . . , N − 1 and the dual grid by the dual intervals
Now we use a finite volume scheme with the intervals of the dual grid as integration domains. For equidistant intervals, the length of the inner intervals of the dual grid is again h.
where F n+1 (s i , s i+1 ) is the numerical flux defined by
The coefficient β is defined in terms of s n+1 , the saturation at the current time step t n+1 , by:
).
Here, s n+1 i+
We note that using this kind of fully implicit time discretization, s n+1 can be computed by repeatedly solving a linear system where the matrix entries and right hand side depend on s n+1 using a fix point iteration method of β n+1 i+ 1 2 . Suppose that at time t n , the solution s 
Two-scale finite volume approach for diffusion equation
To keep the sharp wave front for the solution of the advection equation, one has to compute on a sufficiently fine grid; on the other hand, we can get a good profile for the solution of the diffusion equation on a relatively coarse grid without losing the accuracy. This motivates us to use different space scales for equations (3) and (4). The main idea is to approximate the solution of the advection equation (3) on a fine grid while computing the error correction term on a coarse grid for the solution of the diffusion equation (4) . For the time discretization, we still use the fully implicit Euler scheme described in the last section. We will discuss the computation of the error correction in the following.
We first partition Ω into a coarse grid of N H intervals [x i−1,H , x i,H ] with equal length H := x i,H − x i−1,H for all i ∈ I = {1, . . . , N H }, and a fine grid of N h intervals [x j−1,h , x j,h ] with equal length h := x j,h − x j−1,h for all j ∈ J = {1, . . . , N h }. For simplicity, we only consider the equidistant partition of Ω and coarse and fine grids are nested in the sense that the coarse grid nodes coincide with some fine ones, i.e., x i,H = x i·l,h , where H/h := l = 2m, m = 1, 2, . . .. We define the midpoint of each interval on the coarse grid by x i+1/2,H := Then, the solution of the diffusion equation (4) 
where s n i·l,h = s n h (x i,H ) and △s 
and (12), where F n+1 (s i·l,h , s (i+1)·l,h ) is the numerical flux defined by
Since the coarse and fine grid are nested, the coefficient β n+1 i+1/2,H can be directly approximated by β n+1 i+1/2,H :=λ(s
where s
h (x i+1/2,H ). Note that △s n+1 i,H can still be computed by repeatedly solving a linear system using a fix point iteration method. In detail, suppose that at time t n , the solution s n j,h , j ∈ J is obtained by solving the advection equation for a half time step. The correction △s 
Numerical examples
In this section, we compare the numerical solution obtained by our operator splitting schemes with the standard finite volume solution and a reference solution which is obtained by using a very fine grid and a small time step size. We use two model problems -advection-and diffusion-dominated problems for comparison. Here, the porosity and permeability are given by φ = 1, K = 1, the total velocity is given by v t = 1, and the relative permeability functions are given by k rn (s) = (1 − s) 2 , k rw (s) = s 2 . For the capillary pressure function, we use the Van-Genuchten relationship
with the parameter n = 4 and m = 1 − 1 n . For the advection-dominated problem the VanGenuchten factor α is given by 100 while for the diffusion-dominated problem we use a factor of 1.0. First, we compare the solution obtained by the operator splitting scheme using the same grid size (OS) with the solution of a standard finite volume scheme (FV), see Figure 2 -4. It can be seen that for the advection-dominated problem, the finite volume method does not exactly track the front of the travelling wave while the operator splitting method is quite close to the reference solution, see Figure 2 . This can also be clearly observed from Figure 3 , where the operator splitting scheme performs much better and gives a smaller error than the finite volume scheme. Furthermore, we take a look at the number of inner iteration of the nonlinear finite volume scheme to compare the computational cost of both algorithms. For the standard finite volume scheme handling both advective and diffusive parts, the average number of iteration is 23 while for the finite volume handling only the diffusion equation in the operator splitting scheme, the average iteration number is only 7. Moreover, the semi-Lagrangian method is so fast that the computational cost of it can be neglected. Hence the operator splitting scheme is much more efficient for this problem.
For the diffusion-dominated problem both algorithms perform equally well, see Figure 4 , and the number of finite volume iteration is between 3 and 4 for both schemes.
Now we apply the two-scale operator splitting method to the two model problems. In our examples, a ratio of l = H/h = 10 is used. The two-scale operator splitting method is compared with the standard finite volume scheme and the operator splitting scheme using the coarse and the fine grid size. We notice that the computational cost of the two-scale operator splitting method is dominated by the solution of the diffusive part and hence the cost of each fix point iteration is comparable to the cost of a standard finite volume fix point iteration on the coarse grid. scheme on the fine grid, while for both the operator splitting and the finite volume schemes a big error in the numerical solution appears when computed on the coarse grid. We remark that the travel speed of the wave front is not exactly matched by the two-scale operator splitting method. This can be explained by the fact that shocks occur in the semi-Lagrangian method which are not handled correctly. A remedy to this problem would be using a different advection solver. In Figure 7 , the diffusion-dominated problem is considered. Here, the two-scale operator splitting method still gives a similar solution as the operator splitting method on the fine grid and better results than the method on the coarse grid.
Conclusions and future work
In this paper, we have demonstrated the application of the operator splitting scheme to twophase flow in porous media. The number of inner iteration can be drastically reduced using this idea compared to the standard nonlinear finite volume scheme while the numerical solution is still of good quality. When using a two-scale approach, it is shown that the solution is still comparable to the operator splitting solution on the fine grid while the computational effort is significantly decreased.
For the future work, we plan to use the operator splitting technique in higher space dimension and to compare different combinations of numerical solving algorithms for the advection and diffusion equation.
